ABSTRACT Stochastic resonance (SR) as effective approach for weak signal detection has been widely used in bearing fault signal diagnosis. In this paper, a new method was proposed to detect fault signals, which consists of an exponential bistable potential model generalized by using a harmonic Potential (HP) model, a Gaussian potential (GP) model and second-order underdamped system. As the classical bistable SR (CBSR) has the disadvantage of output saturation, which will suppress the optimal signal-to-noise ratio (SNR) of the system, therefore, underdamped SR with exponential potential (UESR) and underdamped SR with classical bistable potential (UCSR) are applied to detect fault signal, respectively. Under the adiabatic condition, the analytical expression of the SNR is calculated for the UESR system driven by Gaussian white noise and periodic signal. Then, the effects of system parameters and the damping factor on analytical expression of SNR as a function of noise intensity for different parameters are studied, respectively. Finally, the proposed method is applied to detect simulated fault signals and actual bearing fault signals. The experimental results show that the proposed UESR method is superior to the UCSR method in fault signal diagnosis, such as larger output SNR and higher spectrum peaks at fault characteristic frequencies.
I. INTRODUCTION
Weak signal detection technique is widely used in various fields, such as wireless telecommunications, biomedical signal processing and fault signal detection. It is a challenged task to detect the incipient bearing fault signals [1] . The main traditional weak signal detection methods are shown as follows: singular value decomposition (SVD) [2] , ensemble empirical mode decomposition (EEMD) [3] , time-frequency analysis [4] and wavelet transform (WT) [5] . However, the core of the above signal processing methods is mainly used to reduce the noise intensity, which unavoidably weakened fault signal in weak signal detection [6] . Therefore, the method of stochastic resonance (SR), which was first proposed Benzi et al. [7] in 1981, is widely used to detect weak signals. In 1983, Fauve and Heslot [8] also discovered the phenomenon of SR from the Schmidt Trigger experiment.
Via the SR, the output signal of a nonlinear system can be enhanced with optimized signal-to-noise ratio (SNR) by means of noise addition to the system. After that, a large number of studies have been carried out on the application of stochastic resonance method to mechanical fault diagnosis [9] - [13] .
First-order overdamped classical bistable stochastic resonance (FCBSR) has been widely studied by researchers [14] , [15] . Qiao et al. [6] proposed a novel piecewise bistable potential model based on classical bistable system to overcome the disadvantage of output saturation of the FCBSR. Zhang et al. [16] proposed a new bistable potential model WSG by the combination of Woods-Saxon potential and Gaussian potential, which has a better performance than FCBSR in bearing fault diagnosis. Gitterman [17] studied the Harmonic potential and found the phenomenon of generalized stochastic resonance. Li et al. [18] presents a new adaptive cascaded stochastic resonance method for impact features extraction in gearing diagnosis. Shi et al. [19] studied the stochastic resonance in a new asymmetric bistable model driven by unrelated multiplicative and additive noise. The influence of the potential asymmetries on stochastic resonance subject to both multiplicative and additive noise is studied in [20] .
It is noticed that the above researches are based on the firstorder overdamped stochastic resonance system. the system inertia is ignored when compared to the damping factor and it is normalized for simplicity. However, the damping factor and system inertia have significant influence on the system output SNR. In fact, the underdamped stochastic resonance system model has been studied in many researches [21] , [22] as it is helpful to acquire higher output SNR of the system when compared with CBSR system. Li et al. [23] proposed a new noise-controlled second-order enhanced SR method to extract fault feature for wind turbine vibration signals. Yang et al. [24] studied the constructive role of trichotomous noise assisted by a weak signal in coupled underdamped bistable system. Kang et al. [25] observed stochastic resonance in an underdamped bistable Duffing oscillator by the method of moments. Xu et al. [26] studied the phenomenon of stochastic resonance in an underdamped bistable system driven by weak asymmetric dichotomous noise. A new weak signal detection method based on SR in an underdamped system which consists of a pinning potential model was presented in [1] . An underdamped step-varying second-order SR method to was proposed to further improve the output SNR in [27] . He et al. [28] studied the underdamped stochastic resonance with an exponential bistable potential. However, the damping factor is ignored in its analytical expression of SNR and the obtained SNR is based on the damping factor equal to zero in [28] . Therefore, it is necessary to study the influence of damping factor on SNR in this paper. In addition, compared with traditional first-order stochastic resonance system, the Second-order underdamped stochastic resonance has the ability of secondary-filter and good performance in weak signal detection.
As mentioned above, as the CBSR method has the disadvantage of output saturation, which has a negative effect on the output SNR of the system in weak fault signal detection [6] , it is necessary to avoid output saturation by proposed new potential. Thus, this paper proposes a novel bistable exponential potential which is the combination of Harmonic potential (HP) [17] and Gaussian Potential (GP) [16] and study the effect of the underdamped exponential SR (UESR) in weak signal detection. Then, the analytical expression of SNR using two-state theory with damping factor k is analyzed by different system parameters. In addition, the simulated fault signal and the harmonic vibration signal are used to compare the performance of UESR and CBSR method. Finally, in practical engineering applications, the inner raceway, outer raceway and the rolling element of bearings are applied to test by the UESR method and UCSR method, respectively. This paper is arranged as follows: In Section 2, a novel exponential potential model which is combined by the Gaussian potential and Harmonic potential was proposed and the influence of system parameters on exponential potential model are analyzed. Section 3 studied the underdamped SR based on exponential potential and the theory of SNR and analyzed the influence of system parameters on SR. The performance of UCSR and UESR in simulated fault signal is analyzed and compared in Section 4. Section 5 compared the performance of UCSR with UESR method in detecting the inner-race, outer-race and rolling fault signal, respectively. Finally, conclusions are provided in Section 6.
II. EXPONENTIAL POTENTIAL
According to the existing research, the CBSR phenomenon can be described as: a particle is driven by periodic signal and the random noise in a classical bistable system which consists of two potential wells and one potential barrier and the periodic motion can be heightened with the assistance of moderate noise. When the inertia is ignored, in which case the system is over-damped one, the Langevin equation under the overdamped condition is written as Eq. (1).
Where a c and b c are real parameter of system, A represents the amplitude of the periodic signal, f indicates the driving frequency, n(t) represents the Gaussian white noise with the noise intensity D, the mean and variance showed as follows:
A. SATURATED BEHAVIOR OF THE CBSR In Eq. (1), when input signals and noises are not included (A = 0 and D = 0), then substitute the Eq. (2) into Eq. (1) and x is calculated as
When t = 0 and t → +∞, the Eq. 
B. HARMONIC POTENTIAL MODEL
In harmonic potential model, the potential function V (x) is a symmetric nonlinear potential. Its form was proposed in [17] . It can be expressed as follows:
where a is real positive value. Fig.2 shows V (x) as a function of x with different values a. It is seen that the potential well width W decreases gradually as a is increased. It is indicated that parameter a works on the width of the potential V (x). 
C. GAUSSIAN POTENTIAL MODEL
In nuclear physics, the GP model [16] is commonly used to describe the complex nuclear scattering. The mathematical expression is as follows:
where V and R are real positive values, V and R represents the depth and width of potential well, respectively. Fig.3 shows the potential G(x) as a function of x varies V and R, respectively. From Fig.3(a) , it is seen that the width of potential well W is increased as R is increased and the depth of potential well H remains the same as R is increased. In Fig.3(b) , we can find that the depth of potential well H is increased and the width of potential well W remains the constant as V is increased, respectively. It is seen that system parameters V and R have different effects on Gaussian potential G(x).
D. EXPONENTIAL POTENTIAL MODEL
With the two introduced models, a novel exponential model by the combination of HP and GP is proposed, which can be expressed as:
Let U (x) = 0, it can be calculated that the potential U (x) has one extreme point (an unstable state x un = 0) for the condition of aR 2 ≥ 2V and three extreme points (an unstable state x un = 0, two stable states x s1 = − −R 2 ln changed. It is found that the parameters V and a mainly influence the height of the barrier and the width of the potential under a = 1, R = 0.5 and V = 1, R = 0.5, respectively, and their influence on state type is much less than R. Therefore, selecting the proper parameter R has a great influence on the structure of the potential. In addition, from Fig. 4(d) , the potential U (x) changed into monostable state type when R = 1.5. Thus, in order to ensure that U (x) is bistable potential, the system parameters a, V and R need to satisfy the condition of aR 2 < 2V .
Fig .5 compares the classical bistable potential with the proposed exponential under the condition of a c = 1, b c = 1, a = 1, V = 2 and R = 0.5. It is noticed that the width of the potential U (x) is wider than the width of the potential U c (x) as x is increased. In other words, the potential U c (x) is beneficial to improve the output saturation of U c (x) when compared to the potential U (x). Thus, the exponential potential has broken the limitation of the output saturation in some extent, which indicated that the proposed potential U (x) has advantage over the classical bistable potential U c (x) in breaking the limitation of the potential structure. 
III. UNDERDAMPED EXPONENTIAL SR AND NUMERICAL SOLUTION A. UNDERDAMPED EXPONENTIAL POTENTIAL SR AND NUMERICAL SOLUTION
It is noticed that the inertia and the damping factor are ignored in Eq. (1). However, when the inertia and the damping factor are considered into the system based on Eq. (1), the expression of its Langevin equation based on Eq. (1) is denoted as Eq. (11).
Where k is the damping factor, the potential function U (x) has two stable x s1 , x s2 and an unstable state x un when aR 2 < 2V . The system model corresponding to Eq. (11) can be depicted in Fig. 6 .
Subsequently, in order to solve the second-order differential equation, Eq. (11) is separated into two first-order differential equations by the condition of dx/dt = y. Then, the Eq. (11) can be obtained as follows:
In Eq. (13), let dx/dt = 0, dy/dt = 0, the noise intensity D = 0 and the amplitude of the periodic A = 0, the singular points P s1 (x s1 , 0), P s2 (x s2 , 0) and P un (x un , 0) of Eq. (13) can be obtained as
where
By linearizing Eq. (13) with D = 0 and A = 0 at the singular points P s1 , P s2 , respectively, and the eigenvalues of the linearization matrix can be obtained as follows:
In the same way, by linearizing Eq. (13) with D = 0 and A = 0 at the singular points P un (x un , 0), the eigenvalues of the linearization matrix can be obtained as
According to the Kramer's Function, assuming ρ(x, y, t) to signify the probability density of system at time t and f (x) = −U E (x) + A cos(2π ft), the corresponding FokkerPlank equation (FPE) is denoted as [2] ∂ρ(x, y, t)
Under the adiabatic condition and the noise intensities D 1, then the quasi-steady-state distribution function of Eq. (11) is expressed as:
In Eq. (20) , N denotes the normalization constant, and U (x, y, t) represents generalized potential function. By the small parameters expansions method, the generalized potential functionŨ (x, y, t) can be calculated as:
Since the frequency f is very small, there is enough time for the system to reach the local equilibrium during the period of 1/f and assuming that the amplitude of input periodic signal is small enough (A 1), it is insufficient to force a particle to transit from a well to another well in the absence of any noise [29] . According to the calculation formula of the probability transition rate for Brownian particle motion in a two-dimensional bistable system, under the condition of weak noise and aR 2 < 2V , the probability that Brownian particle transition between the two wells is expressed as
Eq. (22) can be transformed into the form of a Taylor series.
Then, the output spectrum of Eq. (11) can be expressed as
In Eq. (25), S S (ω) and S N (ω) stands for the power spectrum of periodic signal and noise. Then the expression of SNR of VOLUME 6, 2018 system response of Eq. (25) in the presence of weak periodic driving force can be obtained as
In Eq. (26), = 2π f means the driving angular frequency of the input periodic driving signal, According to the Eq. (24) and (26), the output signal can be calculated as:
B. UNDERDAMPED EXPONENTIAL POTENTIAL SR AND NUMERICAL SOLUTION
According to the derived expression of the SNR in the UESR system, Fig. 7 shows the curve of SNR as a function of noise intensity D where k = 0.2, A = 0.01 and = 0.01 with different parameters a, V and R. From the Fig.7 , it is seen that the UESR has the characteristic of the classical SR system, which indicates that the SNR firstly increases and then decreases with a peak value as the noise intensity increased when other parameters are fixed, respectively. In addition, in Fig.7(a) and 7(c) , the curve of SNR where V = 2, R = 0.5 and V = 3, a = 0.5 is increased as parameters a and R are increased when the noise intensity D is fixed, respectively. However, in Fig.7(b) , the curve of SNR where a = 0.5 and R = 0.5 is firstly increased and then decreased as V is increased when the noise intensity D is fixed. Moreover, the curve of SNR first increases, then reaches maximum value and finally decreases as the system parameters a, V and R are fixed. Finally, in Fig.7(d) , it is found that the curve of SNR is first increased and then decreased as the damping factor D is increased with different parameters, which means that there are traditional phenomenon of stochastic resonance.
In order to study the influence of damping factor and noise intensity on SNR, Fig.8 shows SNR as a function of damping factor k varied with different noise intensity D where a = 0.5, V = 1, R = 0.5, = 0.01 and A = 0.01. In Fig. 8(a) , SNR is first increased and then decreased with a peak value as the damping factor k is increased when the noise intensity D is fixed. In addition, the location of the peak value is shifted to larger value k as k is increased. From Fig. 8(b) , it is found that the curve of SNR is first increased and then decreased as the damping factor k is increased when the noise intensity D is fixed, which means that there are traditional phenomenon of stochastic resonance. It is indicated that increasing the damping factor will suppress the SNR but have anti-noise ability in some extent.
IV. WEAK SIGNAL DETECTION A. FOURTH-ORDER RUNGE-KUTTA METHOD
The above subsections full analyze the UESR system performance according to the detailed expression of SNR in Eq. (27) . However, in practical application, fault signal is usually processed by using the fourth-order Runge-Kutta method. By selecting a calculation step h, the output discrete time series x n according to Eq.(11) can be calculated as follows:
To evaluate the performance of signal extraction from the noise through SR, the output SNR is chosen as the evaluation index and the SNR is defined as follows [28] :
where N and A d denotes the length of the time series and the power of driving frequency, respectively. The item
denotes the total power of noise.
B. PARAMETER OPTIMIZATION
According to the above research, the optimal output SNR can be obtained by adjusting parameters. Therefore, in this paper, the algorithm of the Particle Swarm Optimization was applied to selecting the optimal parameters for weak fault signal detection. Fig. 9 shows the flow chart of the PSO algorithm [31] and the specific steps of the PSO algorithm are shown as follows:
(1) Signal preprocessing. To meet the condition of the theory of adiabatic approximation, the method of Hilbert Transform (HT) is used to obtain the enveloped signal. (2) Population parameters initialization. The initialized parameters which are based on PSO algorithm are shown as follows: the population number N = 20, maximum generation T max = 50. And set the position of current particle is N best . (3) System parameters initialization. Let the damping factor k ∈ [0, 1], system parameters a ∈ (0, 3), V ∈ (0, 5), and R ∈ (0, 1),respectively and the method of second sampling is applied in this paper to meet the condition of frequency f 1Hz. (4) Evaluate and Update particle. The Eq. (29) as fitness function is used to evaluate and calculate the particle fitness value which is updated through the iteration formula shown in [31] . (5) Verify end condition. If the end of the cycle condition is reached the maximum iteration reaches the maximum T max , then output the optimal parameters value (a, V , R and k) and the corresponding SNR. Otherwise, it goes to step (4). (6) Bearing fault detection. Substitute the parameters which obtained from step (5) into the UESR system and observe the output performance of the bearing fault detection.
C. SIMULATED FAULT SIGNAL DETECTION USING THE UEBSR METHOD
The bearing fault signals always present in the form of impulse series, always lead to the fault-induced impulses with uneven amplitudes and the simulated periodic impulse attenuation signal with different impulse amplitudes is generated according to the equation below [6] :
where H (t) is step function and H (t) = 0.2, T is the impulse interval, and n(t) is additive Gaussian white noise with zero mean and 0.6 standard deviation. The sampling frequency is f s = 2000 Hz, and the data length is N = 2048. The fault characteristic frequency is f d = 1/T = 7.8 Hz.
In Fig.10 , the simulated periodic pulse attenuated signal with the impulse interval of about 0.128s is depicted. From  Fig.10 , it is obvious that the impulse components are covered by noise. Fig.11(a) plots the time-domain waveform of the simulated impulse signal after add noise. It is evident that the characteristic frequency of the impulse signal is completely buried in heavy noise. Therefore, we proposed the UESR method to extract the frequency f and weaken other useless frequencies. As the characteristic frequency of the impulse signal is not satisfied with the small frequency condition, thus the twice sampling method is adopted in this paper. Let double sampling frequency f sr = 5 Hz and the scale compression ratio is R = f s /f sr = 400. Fig.11(b) presents the power spectrum of the simulated impulse signal with the UCSR method when (a c = 1, k = 0.23, b c = 1) and the corresponding output SNR = −8.25 dB. Fig.11(c) depicts the time-domain waveform and the power spectrum of the impulse signal after the proposed UESR method (a = 1.53, V = 3.52, R = 0.16 k = 0.52) and the corresponding output SNR = −4.67 dB. It is evident that the proposed UESR method has larger amplitude in its characteristic frequency f and better output SNR when compared with the UCSR method. It is indicated that the UESR method has an advantage over the UCSR method in weak signal detection. 
D. HARMONIC VIBRATION SIGNAL DETECTION USING THE UEBSR METHOD
To further demonstrate the effectiveness of the proposed UESR method in weak fault characteristic extraction, the proposed method is applied to detect the harmonic vibration signal. The harmonic vibration signal generated by a rotating machine is a typical vibration signal. Therefore, by analyzing this vibration signal, the operating status of the machine can be accurately known. The two-component harmonic vibration signal is shown as follows:
where f = 10 Hz, the amplitude of the first harmonic signal and the second harmonic signal is A 1 = 1 and A 2 = 0.8, respectively, and n(t) is Gaussian white noise. Fig. 12(a) plots the time-domain waveform and the power spectrum of the harmonic vibration signal with noise. In Fig.12(a) , the time domain-domain waveform is completely submerged into the heavy noise and the characteristic frequency cannot be recognized. As the characteristic frequency f dissatisfy the condition of adiabatic approximation theory, thus the double sampling method is applied to preprocess the harmonic vibration signal to make sure the frequency f 1. Firstly, let the double sampling f sr = 5 Hz. Then, in order to ensure that the characteristic frequency f meet the condition of f 1, and the scale compression ratio R = f s /f sr = 400. Fig.12(b) and Fig. 12(c) depicts the power spectrum of the vibration signal with UCSR method The output SNR in these two method is SNR = −9.28 dB and SNR = −3.47 dB, respectively. It is obvious that the UESR method has a higher SNR than the UCSR method. In addition, the UESR method has a higher spectrum peak at the fault characteristic frequency than the UCSR method, which means the UESR method has a better enhancement performance in detect weak fault characteristic frequency.
E. DISCUSSIONS
In this section, the above sections A and B give the system performance with simulated fault signals. Table 1 lists the output SNR by using different methods in detecting simulated bearing and harmonic signals. The results show that the proposed UESR method has better performance than the UCSR method in detecting fault signals. 
V. ENGINEERING APPLICATION
To demonstrate the validity of the proposed UESR method in practical engineering applications when compared with UCSR method, the inner raceway, outer raceway and the rolling element of bearings are applied to test by the UESR method and UCSR method in this paper, respectively.
The data is download from the Case Western Reserve University (CWRU) Bearing Data Center website and the bearings are deep groove ball bearings with the type of 6205-2RSJEMSKF and its main structure parameters are provided in Table 2 [28] . As the bearing fault signals dissatisfy the condition of adiabatic approximation theory, thus it is necessary to apply the double sampling method with a resampling frequency f sr = 5Hz to make sure that the bearing fault signal characteristic frequency meet the condition. The number of sampling points N = 6000. When a fault occurs in a bearing, periodic impulses can be revealed in the corresponding spectrum of the generated vibrational or acoustic signals and the bearing fault characteristic frequencies can be theoretically calculated based on the bearing type and the rotating speed as follows [4] , [27] : where n r is the number of rolling elements, f r is the rotating frequency of shaft, D 1 and D 2 are the diameters of one rolling element and the pitch diameter of the bearing, respectively, α is the bearing contact angle. f BPFI , f BPFO and f BSF represent the inner raceway, outer raceway and rolling element of the bearing characteristic frequencies when the bearing fault appears.
A. INNER RACE FAULT SIGNAL DETECTION
According to Eq. (32) and Table 1 , the frequency of inner race fault signal is obtained as f BPFI = 159.6 Hz. Fig.13 (a) describes the waveform of the inner race fault signal and its spectrum. It is found that the original signal waveform and power spectrum cannot be recognized due to the heavy noise and the characteristic frequency f BPFI could not show in the power spectrum. In addition, the frequency mainly concentrated in the bandwidth of 2000 to 4000. Fig.13(b) shows the envelope waveform and its spectrum based on Fig.13(a) . The characteristic frequency f BPFI can be seen in the spectrum diagram with output SNR = −22.54 dB. However, the noise interference is still obvious in its timedomain and power spectrum. In Fig. 13(c) , the output SNR has been improved with -11.29dB with the UCSR method. It is seen that the characteristic frequency f BPFI can be clearly seen in its power spectrum, but the amplitude of the power spectrum is small when compared with Fig.13(d) . In Fig.13(d) , the fault characteristic frequency f BPFI can be obviously shown in its spectrum where a = 0.083, V = 0.082, R = 0.153 and k = 0.731 with output SNR = −5.54 dB. In addition, the characteristic of second harmonic frequency can also be clearly seen in the spectrum diagram, which cannot be achieved by using the UCSE method and it is also verified that the effectiveness of the proposed UESR method.
B. OUTER RACE FAULT SIGNAL DETECTION
In this section, the outer race fault signal is analyzed by using the UCSR and the proposed UESR method. According to the Eq. (33), the frequency of outer race fault signal is obtained about f BPFO = 105.9 Hz. Fig.14(a) shows the waveform of the inner race fault signal and its spectrum. It is found that the original signal waveform and power spectrum cannot be recognized due to the heavy noise and the characteristic frequency f BPFO could not show in the power spectrum. The envelop signal shown in Fig. 14(b) indicates that the characteristic frequency of the outer race fault signal is submerged in the heavy noise, and the characteristic frequency f BPFO cannot be distinguished with other interference frequencies with output SNR = −21.36 dB. From the Fig. 14(c) we can see that the output SNR has been improved with -8.94dB with the UCSR method. It is seen that the characteristic frequency f BPFO can be seen in its power spectrum, however, there are many useless frequency in its power spectrum which is not beneficial for the output SNR. In Fig.14(d) , the fault characteristic frequency f BPFO can be obviously seen in its spectrum where a = 0.1015, V = 0.1282, R = 0.2004 and k = 0.8145 with output SNR = −3.07 dB. Moreover, the characteristic of second harmonic frequency can also be clearly seen in the spectrum diagram, which cannot be achieved by using the UCSE method and. In other words, it is indicated that the UESR method has better performance than the UCSR method in detecting the outer-raceway fault signal. It is verified that the effectiveness of the proposed UESR method in bearing fault diagnosis.
C. ROLLING ELEMENT FAULT SIGNAL DETECTION
In this section, the rolling element fault signal is detected by the proposed UESR method. According to the Eq. (34), the characteristic frequency of rolling element fault signal is calculated as 2f BSF = 141.07 Hz. Fig.15 (a) displays the waveform of the rolling element fault signal and its spectrum. It is found that the original signal waveform and power spectrum cannot be recognized due to the heavy noise and the characteristic frequency f BSF could not see in the power spectrum. In addition, the frequency mainly concentrated in the bandwidth of 2000 to 4000. The envelop rolling element fault signal which is shown in Fig. 15(b) indicates that the characteristic frequency of the outer race fault signal is submerged in the heavy noise, and the characteristic frequency f BSF , which needed to be detected, cannot be distinguished with other interference frequencies with output SNR = −21.36 dB. Fig. 15(c) and Fig. 15(d) dispicts the time-domain wavaform and its spectrum based on Fig.15(b) after the UCSR and UESR method, respectively. It is seen that the characteristic frequency f BSF is discovered in Fig. 15(d) with the output SNR = −2.25 dB where a = 0.102, V = 0.128, R = 0.201 and k = 0.814. However, it is not easy to found the fault characteristic frequency in Fig. 15(c) with output SNR = −10.25 dB where a c = 1, b c = 1 and k = 0.2. The result shows that the UESR method has bettet enhancement performance and larger output SNR than UCSR methods in detecting rolling element fault signal. Moreover, it is also verfied that the proposed UESR method has advantange over the UESR method in detecting fault rolling element signal.
D. DISCUSSIONS
The above sections A.B and C give the system performance with bearing fault signals. Table 3 lists the output SNR by using different methods in detecting inner race, outer race and rolling element fault signals. The results show that the proposed UESR method has better performance than the UCSR method in bearing fault signal diagnosis.
VI. CONCLUSION
This paper studied the effectiveness of the UESR method in weak signal detection. It is found that the proposed exponential potential which is the combination of the GP and HP model, can overcome weakness of the output saturation when compared with classical bistable potential. In addition, an underdamped exponential SR method with PSO algorithm in bearing fault diagnosis is studied. Finally, the result of the experiment shows that the proposed UESR method has an advantage over the UCSR method bearing fault diagnosis. Moreover, it is worthwhile to study the exponential potential when the state type into transfers into monostable. Then, dividing both sides of the Eq. (A.1) by the x 3 and we can obtain Eq. (A.2) which is showed as follow:
Let z = x −2 , then the Eq.(A.3) can be obtained as Then, the Eq. (A.14) can be calculated as
Then, the eigenvalue of linearization matrix can be calculated as follows: 
